
One-ended subforests and whatnot
Part 5

let h be a hoc
.

fin
. aperiodic E- every component is infinite) pmp graph on

a standard probability space 14M .

Recall
.
The isoperimetric constant of h is

aa) := int %?_y I positively measured
AEX Borel

where 0A := { ✗ C- XIA : ✗ G A} at A ranges over
✓
finite - component

sets for Ñ
,
i. e. hla is component - finite .

(3) kaimauiuich- Elek
.

Not d- hyperfinite <⇒ 7 pos . -measured Borel B sit
. 9161,31>0 .

local - global bridge lpmp)
(4) Jenna presented . 41h) > 0 7h has exponential growth , in

fact HI c-✗ tr
, 11311×11%(1+461)!

Main theorem ( about pmp one- ended sabforest . let h be a loc
.

tin
. aperiodic pup

graph . If h in nowhere 2-ended
,
then h admits a Bird a. e. 1-ended

spauuiy
sub forest

.

And the converse is also true .

Characterizations of 9-hyperfineTess .

Def. bit 4 be a Bird graph 14M .
A tinitiaiy (vertex) eat for G

is a set CEX sit
.

G- C := Glue is compared- finite .

The fiititiy d- price for G is

fp, (a)
:= inf M (c) ,

where CEX ranges over all Boel tinting cub for G.



null-preserving , i. e. [null]Ea is
null

99% lemma . but h be all Borel Ioc . fin . graph on 14h) . his hyperfinite
<⇒ fpu (a) =D .

In other words
,
G restricted to 99%

percent of the space is component - finite . by local finiteness
Proof

.
⇒

.
Wt h = Yha sit

. Ga is component finite . Then# c- X
,

HR (huh
,

= h× . Thus 7h it . for 99% of ✗ ← ✗ , we

have fin )✗= Gx . let's denote by Itheuyleunt-_¥§#j¥¥÷ Then ( is a fiuihitiwy cat d l is a 1% set
.

Details: let ✗ a := { ✗ EX :(G.) ✗ = Gx} . Then Gaps
⇒ ✗as ✗ then Mxn)9MH=l .

G- . Just Beret - Cartelli . suppose fp, (a)
=D

so 7 (Cu) it .
May → 0 I eah Ca is a fruiting cat for G.

These Cu may
not be decreasing , so let's make them so:

Cm
'
:= V4

,
wow aah Cui is still afinititiy cat her h

h7hr

but also the CI are decreasing . We could 've chosen the
Ch so tht ING < D

,
at then Alcide -2 Mccu)

n azur

→ 0 as m→ • . Hence Atm Cui is null , so may
assure it 's 01 by null - preserving hers .
Than G h - G is component - finite at 6=10 ha .

kaimanovich - Elek theorem . A toe
.
finite null - preserving Boel graph Goa Hit

is 9- hyper finite <⇒ V- Bond BE ✗ of positive - unsure,
4¥, ,

( at B) =D . 99% lemaa
Proof

. ⇒
.

his f- hyper finite ⇒ GIB is still hgperfinite ⇒
F finitiaiy Borel cut C c- B for GIB . letting A := BIC

,

then CIA is component - finite al da↳ A c- C
.

Hence
,

d0a↳A) / I /A) £ 1-%%< { .



⇐
. Suppose 414,1--0 V- B. Need to construct aarbitrarilySnell tinitiziig cut .
✗ As -t.%fa.tt#ce .

When we take one finite -component
It A fer h

,
then removing 0A

makes the G-components af ✗ C-A finite
.

But the w-parents of ✗ C- XVAVOA)

may still be infinite
.

So it's enough to find A set
.

✗ \ CAUDA) = 0 d 0A is small
,
so 0A is a small tini :

titchy cat
.

let to be a maximal collection of Borel subsets of ✗ of

positive measure it .

4) cuh A c- to is a finite - uupoueut sit for G
lil Moa VA) ← s . rlvt)

.

Liii) ay A ,B c- A district are disjoint I G- inadjacent
④¥0B

Such to exists by Zorn's lemma f- measure exhaustion .

Dense * is a disjoint collection ofpos . measured sets, it
must be ctbl since MX) < a .

Thus
,

A- := UA is

Borel
.

I A- = VIA gg liiil
,
so A- is finite -aground for 4

.

AEA
"

Also
,
it 10A) e Erba A) e s -2 MA)

"
E.MAT

.

A c- A AEA

It remains to show tht d A- = XIÑ base then OÑ
is a finitiziy cut I ftp.AYE 1. MAY a- E. Suppose towards

a contradiction tht B := ✗ \ ( A- Ucla A) is not wall .



By the hypothesis , I AED of positive measure sit
. Gla is

component - finite oil 9191 ;^) ⇐ 5- it /A) .

A- ¥±T¥±aE"¥
B The" OGA c- RA V da ,

☐

A
,
so put A !=dv{*}

ftp.vk/sMdaA)+MduwAk-EMlA-)
+It (A) = L - 91 .UA

')
.
Hence A

'

contradictsthe maxi -adib of A .


